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Abstract. The purpose of this paper is to present common fixed point theorems in Hilbert
space which are the generalization of well known proved results. The results which
considered here are extended for a pair of mappings and also some positive integer’s
powers of them involving more rational terms in the inequality. Furthermore we developed
these results to a sequence of mappings on the same space.
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1. Introduction

In mathematics, fixed point theory plays a vital role in abroad set of
applications in pure and applied mathematics. The contraction is the main tool
among all to provide the existence and uniqueness of the fixed point in theoretical
mathematics. The research in the discipline of fixed point theory and
approximation theory was initiated by Banach in 1922, since then many
generalizations have been taken into considerations of using contractive conditions
or imposing some additional conditions on different spaces. The growth of this
area of knowledge have been extensively reported by many authors in the treatises/
research papers of [2, 5, 7, 8, 12, 13, 14, 15, 16, 26, 27, 29, 31, 34] in metric space
by involving either ordinary or rational terms in the inequalities presented there.
After that some have got refined or generalized by authors [3, 4, 18, 20, 21, 23, 25]
in different spaces. The existence and uniqueness of a fixed point for a pair of self /
different continuous mappings on various spaces can be found in [1, 6, 9, 22, 32].
The common fixed point for a sequence of continues or non-continues self or
different mappings imposing some weaker conditions on the mappings as well as
over the spaces can see in [10, 11, 17, 19, 24, 28, 32].

Later this celebrated principle has been extended and generalized by
several researchers in various spaces such as quasi-metric spaces, cone metric
spaces, G-metric spaces, partial metric spaces, vector valued metric spaces and
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normed species etc. The generalized fixed point’s properties of family of mappings
in Hilbert spaces can be found in [5, 6, 7, 32]. Some generalization of Banach fixed
point theorems in Hilbert spaces are as follows:
i) Koparde and Wghmode [17] have proved fixed point theorem for a
self-mapping on a closed subset of Hilbert space, satisfying the
Kannan type condition

[Tx=Ty[" < e {Jx=Tx" + |y =Ty}

forallx,y e X withx # yanda €[0,1/ 2).
ii) Sharma et.al [30] have proved the following a common fixed point
theorem for self mapping satisfying the following condition
2 2
[x=Tx|" +[|y —Ty| + Blx—y]
Ix=Tx]+[y—Ty]
forallx,y e X withX # yand0<a <1/2,0< 3,2a+ B <1.

In this manuscript, we prove that an operator T satisfying certain rational
contraction condition has a unique fixed point on a closed subset X of Hilbert

space and then generalized the same result to a pair of mappings T,,T, , some

[Tx-Ty| <«

positive integers powers p, g of a pair mappings T,°, T," and then further

extended to a sequence of mappings. In all cases we have obtained a common fixed
point in X . Our results generalize the main result of Koparde and Wghmode [17]
and Pandhare and Waghmode [23].

2. Main Results

Theorem: 1 Let X be a closed subset of a Hilbert space and T: X — X bea
self mapping satisfying the following inequality
=T |2+ [ly =Ty | a ly =TI [ 1+ ]y =T |

2

Ty <a,

L+ x -yl L+ x -yl

I =Ty|[1+]ly =7 | Lo el [ 1T =Ty[" ]

4

1+ x -yl Le|x—y|°

=Ty [ =Ty | x= v [ =Ty
+
L=y L=y

5

e
T T Ty =T = T

+ g [x - y|°
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for all x,y e X with XYy and a(i=12,3,....,8) are non-negative real’s
witha, +2a, +a, +a, +a; +a;+3a, +a5 <1. Then T has a unique fixed
pointin X .
Proof: Forany X, € X , we define a sequence {X,} in X by

Xy =1X,,for n=0123,........
Now, we claim that the sequence {X } is a Cauchy sequence in X . For this
consider

(%52 =%, =T, =T,

n+1

Then by the hypothesis, we have

%, =TI 24 s =T | I T 14 s =T [

||Xn+1 =X, ”2 < a 2

1+ ”Xn - Xn—1"2 1+ "Xn - Xn—1||2

[, =Tl [ 24 s =T ] L Xl [ 1, =T,

4

1+|x, - Xn—l||2 1+|x, - Xn—l||2

o =Tl [ 2, =Tl | =l 2, =T
+a,

5 6

1+|x, - Xn—1||2 1+|x, - xn_1||2
”Xn —TXn”z + "Xn—l —TXn—1||2 + "Xn — Xn—1"2

+ g, =%,
IR B e L

= ||Xn+l —X ”2 <s(n) ”Xn B Xnfl”2

wherein s(n) = (a, +a, +a5+2a, +a,) +(a, + 22, + ;) X, _Xr;—1”2 o
(1—81 _a7) +(l—31 —a,—a, —a7)||xn _Xn—1||

n=123,........

It is clear that S =s(n) <1, for all n as

a, +2a,+a;+a,+a, +a5+3a, +a; <1. Using the inequality from the
hypothesis successively, we get
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e e Y
Taking the limit to this inequality, we find that |X,,, — X, | — 0, which shows that

n+l

the sequence {x.} is a Cauchy sequence in X . Using the completeness of X , we
can find a point zz € X such that X, — # as N —>o0.
Consequently {x, ,}={Tx,} is a subsequence of {X,} and hence has the same
limit 2 . Since T is continuous, we obtain

T(w)=T0im,__ x)=Ilim__Tx, =lim_ X, =u
Hence 4 isa fixed point of T in X . Now, it remains to show that s is a unique
fixed point of T . For this let v (x # V) be another fixed point of T . Then

o=V =T =T}

n—oo

R N e
+a

2

Lo e = Lo =

Joa =T [+ v =T u | . o~ [1+[T =T |
+

4

L e[ Lt e[

Jua—T |2 T | Iy | LT[ |
+

6

5

Lt v L v

e =T+ o =T + eI

+ g Ju—vf
=T =T T -

which implies that

2 2
le—v| <(a,+a,+a;+a;+a, +a,)|u—V|
which is a contradiction; for a,+a,+a;+a,+a,+a; <1. Therefore z=v and
hence x is a unique fixed pointof T in X .

This completes the proof of the theorem.
The following theorem is an extension of the above theorem involving two self
mapping on a closed subset of a Hilbert space in the contraction condition.
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Theorem: 2 Let T,,T, be two self mappings on a closed subset X of a Hilbert
space satisfying the following condition, then T, and T, have a unique common
fixed pointin X .

|V_nwﬂrwy;gﬁ1+a|w_nﬂr@+w_nwf

2

[T, x—T, y||2 <a

1+ x—y[* 1+ [x—y|*

IV—BﬂfP+M—Ew1+_IV—ﬂfﬁ+Wﬂ—ByW]

4

L+ x -y L+ x -y

Ty [amx =Ty ]yl [1e I -Tyf |

5 6

L+ [x -y 1+ |x—y|°
[} =TX +]ly =Tyl +[x— v
"1 =T x =Tyl y =T x - v
for all x,y e Xwithx#yand a(i=123,...,8) are non-negative real’s
witha, +a, +2a, +a, +2(a; +a,) +3a, +a, <1.
Proof : Let us construct a sequence {x,} for an arbitrary point x, € X as follows
Xona = TiXon 1+ Xonso = ToXony » fOr N =0,1,2,3,........

For examine the Cauchy sequence nature of {x,} in X consider the following and
by hypothesis, we have
2 2
szn+1 - XZnH = HT1X2n _T2X2n71H

2
+3 x|

HXZn _T1X2nH2 1+HX2n—l_T2X2n—lH2 HXZn—l _T2X2n71H2 1+HX2n—l_T1X2nH2
+a

2

1+HX2n _inlez 1+HX2n _X2n—1H2

HXZH _T2X2n71H2 |:1+HX2n—l _T1X2nH2J N HXZn - inlez [1"' HT1X2n _szznlez]

4

1+HX2n _XZn—lHZ 1+HX2n _inlez

HXZn _T2X2n—1HZ |:1+ HT1X2n _T2X2n71H2] HXZH - inlez |:1+ HXZn _T2X2n71H2j|
+a;

85

1+szn _XZn—le 1+HX2n _inlez
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HXZn _Tlxanz +HX2n71 _T2X2n—1H2 +HX2n - X2n—1H2 2

+ag szn - X2n—1H

’ 1+ szn _T1X2n Hz HXZn _T2X2n71H2 HXZn—l _T1X2n Hz HXZH - inleZ

which suggests that
2 2
||X2n+l - X2n|| < S(n) ||X2n - XZn—l”
(a, +a, +a5 +2a, +3;) +(a, +2a, +ay)||X,, — in_1||2
(1_a1 _a7) + (1_a1 —a,—aq, _a7)||X2n - X2n—1||2
A similar calculation gives that
2 2
||X2n+2 - X2n+1|| < t(n) ||X2n+l - X2n||
2
where t(n) = (a +a;+a, +a5+a; +2a, +3,) +(a +2a7)HX2n+1 _in‘z‘
(1_3-2 _aa_as_a7)+(1_ai_a4_ae_a7)HX2n+1_X2nH

Here both s(n) and t(n) depends n, since
a +a,+2a,+a, +2(a; +3a,)+3a, +a; <1, we see that s(n) <1 and t(n) <1,
forall n.
Let S=max{s(n):n=0,12,....},T =max{t(n):n=0,12,....}, and let
A* =max{S, T} sothat 0< A <1, as result of which in general, we get

where s(n) =

n+1

Xoa =%l < 2 [ =X

Repeating the above process in a similar manner, we get

=% < 2] =% =1
On taking N—>oo, we obtain |X,,, —X,[|—0. Hence it follows that the
sequence {X,} is a Cauchy sequence and converges to a point xe X (i.e.
X, —> 4 as N — ).
Consequently, the two sub  sequences  {X,,.}={T,X,,} and
{500 ={T,X,,.., } converges to the same point zz. Now, we shall show that

this 42 is a common fixed point for both T,, T, .
For this in view of the hypothesis note that
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Hﬂ _Tllqu = H(/u = Xons2) T (Xonsz _Tlll'l)Hz

< Hﬂ — Xons2 Hz + HTlﬂ _T2X2n+1H2 + ZH,u — Xons2 H HTMU _T2X2n+1H

H/U _T1ﬂH2 |:1+ HX2n+1 _T2X2n+1H2: a HX2n+l _T2X2n+1H2 [1"' HX2n+l _TlﬂHZ:|

1+Hfu_xzn+1H2 ’ 1+H#_X2n+lH2

a H:U _T2X2n+1H2 |:l+ HX2n+1 _T1/UH2: H:U - X2n+1H2 |:1+ HTM‘ _T2X2n+1H2:|

i Lt =X, ' L[l =00

i

e B L O et e s

1+Hﬂ_X2n+1H2 1+qu_x2n+1H2

H,U _TuuHZ + szm _szzmH2 + Hﬂ - szHZ

! 1+ H,U _Tu”HZ Hﬂ _T2X2r|+1H2 HX2n+1 _Tu”HZ Hﬂ - X2n+1H2

2
+ a‘B H:u - X2n+1H

2=y [Tt =Ty

+ Hﬂ_ Xoni2

Letting ~Nn—oo,  we  obtained  |u-Tu <(a +a)|u—Tu,
because @, +a, <1, it follows immediately that T,z = 4. Similarly by considering
following, we get T, = u

=Tt = (= Xnn) + g = To)|
Next, we show that x is a unique fixed point of T,,T,. Let us suppose that
v(u # V) is also a fixed point of T, and T, . Then in view of hypothesis, we have
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et =Toadl [ 1+ v =T | a v =TV [ 2+ v~ Toad |

I 2

o=V <2,

1+ —v 1+ e~V

et =T [+ v =T ] Lo VI [ T =TV |

4

Lt e =i Lo flee =V

e =Tvlf [ 2+ [Toae =Tov" | Lo VI [1 =T |
Lo lae =] Lo e V|

o =Tupel” +]v =T + [l

+ag =V
RN Ve V7 o R AV R 2 PR

= eV =(a;+a,+a;+a, +a, +ag)|v—
This is a contradiction for a, +a, +a5 +a, +a, +a, <1 and it follows that zz=v

and hence the common fixed point is unique.
This completes the proof of the theorem.

Theorem: 3 The two self mappingsT,,T, over X themselves satisfying the
following condition for all X,y € X andX#Yy, where a(i=123,..,8) are
positive real’s witha, +a, +2a, +a, +2(a; +a,)+3a, +a; <1 and p,q are
positive integers, then T,, T, have a unique common fixed pointin X .
p 2 q 2 q 2 P 2
bt [eely - | - ey T
+a

2

HTle _Tzq YHZ < &

Lt x—yff L -y

b=ty [ ly=Tox| ey [ -yl
+

4

L -y L -y

-t [t moxtf ] st bemo
.

L+ Jx-yff L+ -y

e+l =Tty ey

2
" =T x =Ty fy - fx- v +agx—y]
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Proof : From above Theorem-2, T,” and T," have a unique common fixed point
pe X, sothat TPu=p and T, =p.
Now TP (Tu)=T,(T, ) =T,
= T,u isafixed point of T,".
But g is a unique fixed point of T,".
Tu=u
Similarly we get T,u = u
4 is acommon fixed pointof T, and T, .
For uniqueness, let v be another fixed point of T, and T,, so that Tv=T,v=V.
Then

N S N A e
v < v,

L=} L=

ot [ emeal | e [T
+

4

Lo = L=

"u —T2qv||2 [1+ ||T1Pﬂ _Tzqv"zJ [l — v||2 [1+ ”,u —Tzqv||2}
+

Lo e = Lo e =

T I A

2
TP [ Y [T

2 2

= |u-v| <(a;+a,+ag+a,+a, +a)|[v— 4

= pu=V,since a,+a,+a;+a,+a, +a, <1
Hence 4 is a unique common fixed point of T, and T, in X.

This completes the proof of the theorem.

In the last theorem we generalized the above theorems by consider a sequence of
self mappings on a closed subset of a Hilbert space converges point wise to a limit
mapping and show that if this limit mapping has a fixed point then this fixed point
is also the limit of fixed points of the mappings of the sequence.

11
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Theorem: 4 Let {T,} be a sequence of mappings of a closed subset X of a Hilbert
space itself converging point wise to T and let
=T {1y =Ty | fy=Toylf [y =T

+a

[Tx-T, y||2 <a,
1+ [x—y[f 2 1+ x—y[f

Pl [2ely =T ] Ix-yF[Lelmx-Tyf ]
> +a, 2
1+[x-y] Lt|x-v]

Ix-Ty|* [1+||Tix -T y||2} Ix=y[f [1+||X _Tiy”ZJ
+a
Y oY P

5

X =T +[ly =Ty + [x—yI°
7 2 2 2 2
L= x =Tyl ly =Tix|fx -]

+ay -y

for allx,y e X with x#Yy and &(i=123,...,8) are non-negative real’s
witha, +a, +2a, +a, +2(a; +a5)+3a, +a, <1, if each T, has a fixed
point £ and T has a fixed point z, then the sequence {4« } converges to x .
Proof : Since y; is a fixed point of T, then we have

o= o[ =T g2 =T,
=T =T + (T~ To,)|

<|T =Tl + [Tt =Tt )+ 2T =Ty [T =T,

e e e i N T WA R P 7
+a

1+ |u— i

L=

i =Toaa [ =Tl | = ol [14 T =T ]
2 +a,
Lt

L=,

12
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et =Tott]” + a0 =Toaal” + |2 = 12|
7
Lot [l =T pel N1t =Tt | 1t =T | 22 = 2

7+ ag |l u—

Letting N —oo,sothat Tyt —> T, Ty, — u, and T gz = g1, We get
. 2 . 2
lim|lee— g, |* < (8 +, +a +a, +a, +8,) lim|u—u,|
= lim||zz—,| =0, since a, +a, +a, +a, +a, +a, <1

n—o0
= g, > pasn—o
This completes the proof.

Conclusions

In this paper we discussed about the existence and uniqueness of a fixed point for
single, a pair of mappings, positive integer’s powers of a pair mappings and a
sequence of mappings defined over a closed subset of Hilbert space which is the
generalization of the well known Koparde and Wghmode and Pandhare and
Waghmode result in Hilbert space.
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